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Abstract
We prove (under the ondition of A. G. Kushnirenko) that all time hanges for the horoyle
ow have purely absolutely ontinuous spetrum in the orthoomplement of the onstant funtions.
This provides an answer to a question of A. Katok and J.-P. Thouvenot on the spetral nature of
time hanges for horoyle ows. Our proofs rely on positive ommutator methods for self-adjoint
operators.
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1 Introduction
The purpose of this note is to provide an answer to a question of A. Katok and J.-P. Thouvenot on
the spetral nature of time hanges for horoyle ows.
The set-up is the standard one. Consider the unit tangent bundle M := T
1
 of a ompat
Riemann surfae  of genus  2. The 3-manifoldM arries a probability measure  whih is preserved
by two distinguished one-parameter groups of dieomorphisms: the horoyle ow fF
1;t
g
t2R
and the
geodesi ow fF
2;t
g
t2R
. One assoiates to those ows vetor elds X
j
, Lie derivatives L
X
j
and unitary
groups fU
j
(t)g
t2R
in L2(M;) in the usual way. It is a lassial result that the horoyle ow fF
1;t
g
t2R
is uniquely ergodi [13℄ and mixing of all orders [19℄, and that the unitary group fU
1
(t)g
t2R
has
ountable Lebesgue spetrum [21℄. Furthermore, A. G. Kushnirenko [17, Thm. 2℄ has proved that all
time hanges of the horoyle ow are strongly mixing under a ondition whih holds if the time hange
is suÆiently small in the C
1
topology. Namely, if f 2 C
1
(M) satises f > 0 and f  L
X
2
(f) > 0,
then the ow of the vetor eld fX
1
is strongly mixing. This implies that the unitary group assoiated
to fX
1
has purely ontinuous spetrum, exept at 1, where it has a simple eigenvalue.
Nothing more is known about the spetral properties of the time hange fX
1
(see the omments
in [4, Se. 1℄ and [17, Se. 1℄). However, as pointed out by A. Katok and J.-P. Thouvenot in [16,
Se. 6.3.1℄, it looks plausible that the unitary group assoiated to fX
1
has purely absolutely ontinuous
or Lebesgue spetrum. In fat, A. Katok and J.-P. Thouvenot state as a onjeture the stability of the
ountable Lebesgue spetrum (see [16, Conjet. 6.8℄). In the present note, we give an answer to the
rst interrogation of these authors by proving that the unitary group assoiated to fX
1
has purely
absolutely ontinuous spetrum outside f1g under the ondition of A. G. Kushnirenko.

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Our proof relies on a rened version [3, 22℄ of a ommutator method introdued by E. Mourre
[20℄. It uses as a starting point the well-known ommutation relation satised by the unitary groups
of the horoyle ow and the geodesi ow:
U
2
(s)U
1
(t)U
2
( s) = U
1
(
e
s
t); s; t 2 R: (1.1)
To some extent, this approah has been suggested to us by the proof of A. G. Kushnirenko itself, sine
it already took advantage of ommutator identities linking the vetor elds X
1
; X
2
and fX
1
. We also
aknowledge the inuene of the artile [12℄ on ommutator methods for unitary operators, and we
refer to [4, 9, 10, 11, 14, 15, 23℄ for related works on ergodi and spetral properties of time hanges.
In the future, we hope that ommutators methods ould be used to derive spetral properties of other
lasses of ows than the horoyle ows onsidered here.
Here is a brief desription of the note. In Setion 2, we reall some denitions and results on
positive ommutator methods for self-adjoint operators. In Setion 3, we introdue a generalisation
of the setting presented above: We onsider on an abstrat (possibly nonompat) n-manifold vetor
elds X
1
; X
2
and ows fF
1;t
g
t2R
; fF
2;t
g
t2R
with unitary groups satisfying (1.1). Under an assumption
generalising the one of A. G. Kushnirenko (see Assumption 3.2) we show that the self-adjoint operator
assoiated to the time hange fX
1
has purely absolutely ontinuous spetrum, exept at 0, where it
may have an eigenvalue (see Theorem 3.5). We use the theory of Setion 2 to prove this result. In
Setion 4 we apply this abstrat result to the horoyle ow, taking into aount the fat that the
horoyle ow is strongly mixing under the ondition A. G. Kushnirenko. This leads to the desired
result, namely, that the unitary group assoiated a time hange of the horoyle ow has purely
absolutely ontinuous spetrum outside f1g (see Theorem 4.2).
2 Positive commutator methods
We reall in this setion some fats on positive ommutator methods borrowed from [3℄ and [22℄ (see
also the original paper [20℄ of E. Mourre). Let H be a Hilbert spae with norm k  k
H
and salar
produt h  ;  i
H
, and denote by B(H) the set of bounded linear operators on H. Let also A be a
self-adjoint operator in H with domain D(A), and S 2 B(H). For any k 2 N, we say that S belongs
to C
k
(A), with notation S 2 C
k
(A), if the map
R 3 t 7!
e
 itA
S
e
itA
2 B(H) (2.1)
is strongly of lass C
k
. In the ase k = 1, one has S 2 C
1
(A) if the quadrati form
D(A) 3 ' 7!


'; iSA'

H
 


A'; iS'

H
2 C
is ontinuous for the topology indued by H on D(A). We denote by [iS; A℄ the bounded operator
assoiated with the ontinuous extension of this form, or equivalently the strong derivative of the
funtion (2.1) at t = 0.
If H is a self-adjoint operator in H with domain D(H) and spetrum (H), we say that H is of
lass C
k
(A) if (H   z)
 1
2 C
k
(A) for some z 2 C n (H). If H is of lass C
1
(A), then the quadrati
form
D(A) 3 ' 7!


'; (H   z)
 1
A'

H
 


A'; (H   z)
 1
'

H
2 C
extends ontinuously to a bounded form dened by the operator

(H z)
 1
; A

2 B(H). Furthermore,
the set D(H) \ D(A) is a ore for H and the quadrati form
D(H) \ D(A) 3 ' 7!


H';A'

H
 


A';H'

H
2 C
2
is ontinuous in the topology of D(H) [3, Thm. 6.2.10(b)℄. This form extends uniquely to a ontinuous
quadrati form on D(H) whih an be identied with a ontinuous operator [H;A℄ from D(H) to the
adjoint spae D(H)

. In addition, the following relation holds in B(H) :

(H   z)
 1
; A

=  (H   z)
 1
[H;A℄(H   z)
 1
: (2.2)
Let E
H
(  ) denote the spetral measure of the self-adjoint operator H, and assume that H is of
lass C
1
(A). Then, the operator E
H
(J)

iH;A

E
H
(J) is bounded and self-adjoint for eah bounded
Borel set J  R. If there exists a number a > 0 suh that
E
H
(J)

iH;A

E
H
(J)  aE
H
(J);
then one says that H satises a strit Mourre estimate on J . The main onsequene of suh an estimate
is to imply a limiting absorption priniple for H on J if H is also of lass C
2
(A). This in turns implies
that H has no singular spetrum in J . We reall here a version of this result valid even if H has no
spetral gap (see [3, Se. 7.1.2℄ and [22, Thm. 0.1℄ for the most general version of this result) :
Theorem 2.1. Let H and A be self-ajoint operators in a Hilbert spae H. Suppose that H is of
lass C
2
(A) and satises a strit Mourre estimate on a bounded Borel set J  R. Then, H has
no singular spetrum in J.
3 Spectral analysis of time changes for abstract flows
Let M be a C
1
manifold of dimension n  1 with volume form 
, and let fF
j;t
g
t2R
, j = 1; 2, be
(nontrivial) C
1
omplete ows onM preserving the measure 


indued by 
. Then, it is known that
the operators
U
j
(t)' := ' Æ F
j;t
; ' 2 C
1

(M);
dene strongly ontinuous unitary groups fU
j
(t)g
t2R
in the Hilbert spae H := L2(M;


) (here
C
1

(M) stands for the spae of C
1
funtions with ompat support in M). Sine C
1

(M) is dense in
H and left invariant by fU
j
(t)g
t2R
, it follows from Nelson's theorem [2, Prop. 5.3℄ that the generator
of the group fU
j
(t)g
t2R
H
j
' := s- lim
t!0
it
 1

U
j
(t)  1
	
'; ' 2 D(H
j
) :=
n
' 2 H j lim
t!0
jtj
 1



U
j
(t)  1
	
'


H
<1
o
is essentially self-adjoint on C
1

(M). In fat, a diret alulation shows that
H
j
' :=  iL
X
j
'; ' 2 C
1

(M);
where X
j
is the (divergene-free) vetor eld assoiated to fF
j;t
g
t2R
and L
X
j
the orresponding Lie
derivative. Now, suppose that there exists a C
1
isomorphism e : (R;+) !
 
(0;1); 

suh that
U
2
(s)U
1
(t)U
2
( s) = U
1
 
e(s)t

for all s; t 2 R: (3.1)
Then, for eah t 6= 0, U
1
(t) has homogeneous Lebesgue spetrum (that is, the spetrum (H
1
) of H
1
overs R, and (H
1
) n f0g is purely Lebesgue with uniform multipliity, see [16, Prop. 1.23℄). Further-
more, if 


(M) < 1, then any onstant funtion on M is an eigenvetor of U
1
(t) with eigenvalue 1
(in some ases, as when the system (M;


; F
1;t
) is ergodi, 1 is even a simple eigenvalue of U
1
(t)). By
applying the strong derivative id=dt at t = 0 in (3.1), one gets that U
2
(s)H
1
U
2
( s)' = e(s)H
1
' for
eah ' 2 C
1

(M). Sine C
1

(M) is a ore for H
1
, one infers that H
1
is H
2
-homogeneous in the sense
of [7℄; namely,
U
2
(s)H
1
U
2
( s) = e(s)H
1
on D(H
1
): (3.2)
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It follows that H
1
is of lass C
1
(H
2
) with

iH
1
; H
2

= e
0
(0)H
1
: (3.3)
Now, onsider a vetor eld with the same orientation and olinear to the vetor eld X
1
, that
is, a vetor eld fX
1
where f 2 C
1
(M) satises f  Æ
f
for some Æ
f
> 0 and f 2 L1(M). The vetor
eld fX
1
has the same integral urves as X
1
, but with reparametrised time oordinate. Indeed, it is
known (see [15, Se. 1℄ and [8, Chap. 2.2℄ in the ompat ase) that the formula
t =
Z
h(p;t)
0
ds
f
 
F
1;s
(p)

; (p; t) 2M  R;
denes for eah p 2 M a stritly inreasing funtion R 3 t 7! h(p; t) 2 R satisfying h(p; 0) = 0 and
lim
t!1
h(p; t) = 1. Furthermore, the impliit funtion theorem implies that the map t 7! h(p; t) is
C
1
with
d
dt
h(p; t) = f
 
F
1;h(p;t)
(p)

. Therefore, the funtion R 3 t 7!
e
F
1;t
(p) 2 M given by
e
F
1;t
(p) :=
F
1;h(p;t)
(p) satises the initial value problem
d
dt
e
F
1
(p; t) = (fX
1
)
e
F
1
(p;t)
;
e
F
1
(p; 0) = p;
meaning that f
e
F
1;t
g
t2R
is the ow of fX
1
. Sine the divergene div

=f
(fX
1
) of fX
1
with respet to
the volume form 
=f is zero (see [1, Prop. 2.5.23℄), it follows by a standard result [1, Prop. 2.6.14℄
that the operator
e
H' :=  iL
fX
1
'  fH
1
'; ' 2 C
1

(M);
is essentially self-adjoint in
e
H := L2(M;


=f). Its losure is denoted by the same symbol.
In the next lemma, we introdue two auxiliary operators whih will be useful for the spetral
analysis of
e
H.
Lemma 3.1. Let f 2 C1(M) be suh that f  Æ
f
for some Æ
f
> 0 and f 2 L1(M). Then,
(a) The operator
U : H ! eH; ' 7! f
1=2
';
is unitary with adjoint U

:
e
H ! H given by U

 = f
 1=2
 .
(b) The symmetri operator
H' := f
1=2
H
1
f
1=2
'; ' 2 C
1

(M);
is essentially self-adjoint in H (and its losure is denoted by the same symbol).
() For eah z 2 C nR, the operator H
1
+ zf
 1
is invertible with bounded inverse, and satises
(H + z)
 1
= f
 1=2
 
H
1
+ zf
 1

 1
f
 1=2
: (3.4)
Proof. Point (a) follows from a diret alulation taking into aount the boundedness of f from below
and from above. For (b), observe that
H' = f
 1=2
fH
1
f
1=2
' = U

e
HU '
for eah ' 2 U C1

(M). So, H is essentially self-adjoint on U C1

(M)  C
1

(M). To prove (), take
z  +i 2 C nR , ' 2 D
 
H
1
+zf
 1

 D(H
1
) and f'
n
g  C
1

(M) suh that lim
n
k' '
n
k
D(H
1
)
= 0.
Then, it follows from (b) that


 
H
1
+ zf
 1

'


2
H
= lim
n


f
 1=2
(H + z)f
 1=2
'
n


2
H
 inf
p2M
f
 2
(p)
2


'


2
H
;
4
and thus H
1
+ zf
 1
is invertible with bounded inverse (see [2, Lemma 3.1℄). Now, to show (3.4), take
 = (H + z) with  2 C
1

(M), observe that
(H + z)
 1
   f
 1=2
 
H
1
+ zf
 1

 1
f
 1=2
 = 0; (3.5)
and then use the density of (H + z)C
1

(M) in H to extend the identity (3.5) to all of H.
The proof of Lemma 3.1(b) implies that H and
e
H are unitarily equivalent. Therefore, one an
either work with H in H or with
e
H in
e
H to determine the spetral properties assoiated with the time
hange fX
1
. For onveniene, we present in the sequel our results for the operator H. We start by
olleting all the neessary assumptions on the funtion f (note that the assumption f 2 C
1
(M) is
made essentially for onveniene; if need be, the results of this note an ertainly be extended to the
ase f 2 C
2
(M)).
Assumption 3.2 (Time hange). The funtion f 2 C1(M) is suh that
(i) f  Æ
f
for some Æ
f
> 0,
(ii) the funtions f;L
X
1
(f);L
X
2
(f), L
X
1
 
L
X
2
(f)

and L
X
2
 
L
X
2
(f)

belong to L1(M),
(iii) the funtion g :=
e
0
(0)f  L
X
2
(f)
2f
satises g  Æ
g
for some Æ
g
> 0.
If M is ompat, then (ii) is automatially veried and (i) and (iii) are satised if f and e
0
(0)f  
L
X
2
(f) are stritly positive funtions. Therefore, Assumption 3.2 redues to the assumptions of A. G.
Kushnirenko [17, Thm. 2℄.
In the next lemma, we prove regularity properties of H and H
2
with respet to H
2
whih will be
useful when deriving the strit Mourre estimate.
Lemma 3.3. Let f satisfy Assumption 3.2, take  2 f1=2;1g and let z 2 C n R. Then,
(a) the multipliation operators g

and f

satisfy g

; f

2 C
1
(H
2
) and g

2 C
1
(H) with

ig

; H
2

=  g
 1
L
X
2
(g);

if

; H
2

=  f
 1
L
X
2
(f) and

ig

; H

=  fg
 1
L
X
1
(g);
(b) (H + z)
 1
2 C
1
(H
2
) with

i(H + z)
 1
; H
2

=  (H + z)
 1
(Hg + gH)(H + z)
 1
,
()
 
H
2
+1

 1
2 C
1
(H
2
) with

i
 
H
2
+1

 1
; H
2

=  
 
H
2
+1

 1
 
H
2
g+2HgH + gH
2
 
H
2
+1

 1
,
(d)
 
H
2
+ 1

 1
2 C
2
(H
2
).
Proof. (a) Simple omputations using the linearity of L
X
2
and the bound f  Æ
f
imply that
L
X
2
(f
1=2
) =
1
2
f
 1=2L
X
2
(f):
Thus, one has for eah ' 2 C
1

(M)


H
2
'; f
1=2
'

H
 


'; f
1=2
H
2
'

H
=


';

H
2
; f
1=2

'

H
=


'; 
i
2
f
 1=2L
X
2
(f)'

H
:
Sine f
 1=2L
X
2
(f) 2 L1(M), it follows by the density of C1

(M) in D(H
2
), that f
1=2
2 C
1
(H
2
) with

H
2
; f
1=2

=  
i
2
f
 1=2L
X
2
(f). The other identities an be shown similarly.
(b) Let t 2 R and ' 2 H. Then, one infers from Equations (3.2) and (3.4) that
e
 itH
2
(H + z)
 1
e
itH
2
'
=
e
 itH
2
f
 1=2
e
itH
2
 
e(t)H
1
+ z
e
 itH
2
f
 1
e
itH
2

 1
e
 itH
2
f
 1=2
e
itH
2
':
5
So, one gets from point (a), Equation (3.4) and Lemma 3.1(b) that
d
dt
e
 itH
2
(H + z)
 1
e
itH
2
'



t=0
=

if
 1=2
; H
2
 
H
1
+ zf
 1

 1
f
 1=2
'+ f
 1=2
 
H
1
+ zf
 1

 1

if
 1=2
; H
2

'
  f
 1=2
 
H
1
+ zf
 1

 1

e
0
(0)H
1
+ z

if
 1
; H
2
	 
H
1
+ zf
 1

 1
f
 1=2
'
=
1
2
f
 1
L
X
2
(f)(H + z)
 1
'+
1
2
(H + z)
 1
f
 1
L
X
2
(f)'
  (H + z)
 1

e
0
(0)H + zf
 1
L
X
2
(f)
	
(H + z)
 1
'
=
1
2
(H + z)
 1
Hf
 1
L
X
2
(f)(H + z)
 1
'+
1
2
(H + z)
 1
f
 1
L
X
2
(f)H(H + z)
 1
'
  (H + z)
 1
e
0
(0)H(H + z)
 1
'
=  (H + z)
 1
(Hg + gH)(H + z)
 1
';
whih implies the laim.
() Let ' 2 H. Then, it follows from point (b) that
d
dt
e
 itH
2
 
H
2
+ 1

 1
e
itH
2
'



t=0
=
d
dt
e
 itH
2
(H + i)
 1
e
itH
2
e
 itH
2
(H   i)
 1
e
itH
2
'



t=0
=  (H + i)
 1
(Hg + gH)(H + i)
 1
(H   i)
 1
'  (H + i)
 1
(H   i)
 1
(Hg + gH)(H   i)
 1
'
=  
 
H
2
+ 1

 1
 
H
2
g + 2HgH + gH
2
 
H
2
+ 1

 1
';
whih implies the laim.
(d) Diret omputations using point () show that

i
 
H
2
+ 1

 1
; H
2

=  
 
H
2
+ 1

 1
 
H
2
+ 1

g   2g + g
 
H
2
+ 1

+ 2(H + i)g(H   i)  2ig(H   i) + 2i(H + i)g
	 
H
2
+ 1

 1
=  2Re

g
 
H
2
+ 1

 1
 
 
H
2
+ 1

 1
g
 
H
2
+ 1

 1
+ (H   i)
 1
g(H + i)
 1
+ 2i(H   i)
 1
g
 
H
2
+ 1

 1
	
:
Therefore, the laim readily follows from the fat that the operators g;
 
H
2
+ 1

 1
; (H   i)
 1
and
(H + i)
 1
belong to C
1
(H
2
).
In order to apply the theory of Setion 2, one has to prove at some point a positive ommutator
estimate. Usually, one proves it for the operator H under study. But in our ase, the ommutator

iH;H
2

= Hg + gH appearing in Lemma 3.3(b) (whih is the simplest nontrivial ommutator in
our set-up) does not exhibit any expliit positivity. By ontrast, the ommutator

iH
2
; H
2

= H
2
g +
2HgH + gH
2
of Lemma 3.3() is made of the positive operators g, H
2
and HgH, and thus

iH
2
; H
2

is more likely to be positive as a whole. The formalisation of this intuition is the ontent of the next
lemma.
Lemma 3.4 (Strit Mourre estimate for H2). Let f satisfy Assumption 3.2 and let J be a bounded
Borel set in (0;1). Then,
E
H
2
(J)

iH
2
; H
2

E
H
2
(J)  aE
H
2
(J)
with a := 2Æ
g
 inf(J) > 0.
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Proof. We know from Equation (2.2) and Lemma 3.3() that
E
H
2
(J)

iH
2
; H
2

E
H
2
(J) = E
H
2
(J)
 
H
2
g + 2HgH + gH
2

E
H
2
(J):
We also know from Assumption 3.2(iii) that
E
H
2
(J)2HgHE
H
2
(J)  aE
H
2
(J)
with a = 2Æ
g
 inf(J) > 0. Therefore, it is suÆient to show that E
H
2
(J)
 
H
2
g + gH
2

E
H
2
(J)  0.
So, for any " > 0 let H
2
"
:= H
2
 
"
2
H
2
+ 1

 1
and H

"
:= H("H  i)
 1
. Then, the inlusion
g
1=2
2 C
1
(H) of Lemma 3.3(a) implies that
s- lim
"&0

H

"
; g
1=2

=  s- lim
"&0
("H  i)
 1

iH; g
1=2

("H  i)
 1
= i

g
1=2
; H

:
Therefore, for eah ' 2 H it follows that


';E
H
2
(J)
 
H
2
g + gH
2

E
H
2
(J)'

H
= lim
"&0


';E
H
2
(J)
 
H
2
"
g
1=2
g
1=2
+ g
1=2
g
1=2
H
2
"

E
H
2
(J)'

H
= lim
"&0


';E
H
2
(J)
 
H
2
"
; g
1=2

g
1=2
+ 2g
1=2
H
2
"
g
1=2
+ g
1=2

g
1=2
; H
2
"

E
H
2
(J)'

H
 lim
"&0


';E
H
2
(J)
 
H
2
"
; g
1=2

g
1=2
+ g
1=2

g
1=2
; H
2
"

E
H
2
(J)'

H
= lim
"&0


';E
H
2
(J)
 
H
+
"

H
 
"
; g
1=2

g
1=2
+

H
+
"
; g
1=2

H
 
"
g
1=2
+ g
1=2

g
1=2
; H
+
"

H
 
"
+ g
1=2
H
+
"

g
1=2
; H
 
"

E
H
2
(J)'

H
= lim
"&0


';E
H
2
(J)
 
H

H; g
1=2

g
1=2
+

H
+
"
; g
1=2

g
1=2
H
 
"
+

H
+
"
; g
1=2

H
 
"
; g
1=2

+ g
1=2

g
1=2
; H

H +H
+
"
g
1=2

g
1=2
; H
 
"

+

g
1=2
; H
+
"

g
1=2
; H
 
"

E
H
2
(J)'

H
=


';E
H
2
(J)
 
H

H; g
1=2

g
1=2
+

H; g
1=2

g
1=2
H + 2

H; g
1=2

2
+ g
1=2

g
1=2
; H

H
+Hg
1=2

g
1=2
; H

E
H
2
(J)'

H
=


';E
H
2
(J)2

H; g
1=2

2
E
H
2
(J)'

H
 0;
whih implies the laim.
Using the previous results for H
2
, one an nally determine spetral properties of H :
Theorem 3.5 (Spetral properties of H). Let f satisfy Assumption 3.2. Then, H has purely
absolutely ontinuous spetrum, exept at 0, where it may have an eigenvalue.
Proof. We know from Lemmas 3.3(d) and 3.4 that
 
H
2
+ 1

 1
2 C
2
(H
2
) and that H
2
satises a
strit Mourre estimate on eah bounded Borel subset of (0;1). It follows by Theorem 2.1 that H
2
has
purely absolutely ontinuous spetrum, exept at 0, where it may have an eigenvalue. Aordingly, the
Hilbert spae H admits the orthogonal deomposition
H = ker(H
2
)H
a
(H
2
);
with H
a
(H
2
) the subspae of absolute ontinuity of H
2
.
Now, the funtion  7! 
2
has the Luzin N property on R; namely, if J is a Borel subset of R with
Lebesgue measure zero, then J
2
also has Lebesgue measure zero. It follows that H
a
(H
2
)  H
a
(H),
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with H
a
(H) the subspae of absolute ontinuity of H (see Proposition 29, Setion 3.5.4 of [5℄). Sine
ker(A
2
) = ker(A) for all self-adjoint operators A, we thus infer that
H = ker(H
2
)H
a
(H
2
)  ker(H)H
a
(H):
So, one neessarily has H = ker(H)  H
a
(H), meaning that H has purely absolutely ontinuous
spetrum, exept at 0, where it may have an eigenvalue.
4 Spectral analysis of time changes for horocycle flows
In this setion, we apply the results of Setion 3 to time hanges for horoyle ows on ompat
surfaes of onstant negative urvature.
Let  be a ompat Riemann surfae of genus  2 and let M := T
1
 be the unit tangent bundle
of . The 3-manifold M arries a probability measure 


(indued by a anonial volume form 
)
whih is preserved by two distinguished one-parameter groups of dieomorphisms: the horoyle ow
fF
1;t
g
t2R
and the geodesi ow fF
2;t
g
t2R
. Both ows orrespond to right translations on M when M
is identied with a homogeneous spae   n PSL(2;R), for some oompat lattie   in PSL(2;R) (see
[6, Se. III.3 & Se. IV.1℄ for details). We denote by fU
1
(t)g
t2R
and fU
2
(t)g
t2R
the orresponding
unitary groups in H := L2(M;


), and we write X
j
(resp. H
j
) for the vetor eld (resp. self-adjoint
generator) assoiated to fU
j
(t)g
t2R
, j = 1; 2 (see Setion 3). It is a lassial result that the horoyle
ow fF
1;t
g
t2R
is uniquely ergodi [13℄ and mixing of all orders [19℄, and that U
1
(t) has ountable
Lebesgue spetrum for eah t 6= 0 (see [16, Prop. 2.2℄ and [21℄). Moreover, the identity (3.1) holds with
e : R ! (0;1) the exponential, i.e.
U
2
(s)U
1
(t)U
2
( s) = U
1
(
e
s
t) for all s; t 2 R
(here we onsider the negative horoyle ow fF
1;t
g
t2R
 fF
 
1;t
g
t2R
, but everything we say an be
adapted to the positive horoyle ow by inverting a sign, see [6, Rem. IV.1.2℄).
Now, onsider a time hange fX
1
of X
1
with f 2 C
1
(M) satisfying Assumption 3.2, let H be the
self-adjoint operator as in Lemma 3.1(b), and let
e
H be the self-adjoint operator assoiated to fX
1
.
Sine M is ompat, Assumption 3.2 redues to the following:
Assumption 4.1. The funtions f 2 C1(M) and f  L
X
2
(f) 2 C
1
(M) are stritly positive.
Under Assumption 4.1, A. G. Kushnirenko [17, Thm. 2℄ has shown that the ow generated by the
vetor eld fX
1
is strongly mixing (see [18, Se. 4℄ for a generalisation of this result). So,
e
H has purely
ontinuous spetrum, exept at 0, where it has a simple eigenvalue (see e.g. [6, Se. I.2℄). Moreover,
the ows fF
1;t
g
t2R
; fF
2;t
g
t2R
and the funtion f satisfy all the assumptions of Setion 3. Therefore,
Theorem 3.5 implies that H has no singular ontinuous spetrum. These properties, together with the
fat that H and
e
H are unitarily equivalent, lead to the following result :
Theorem 4.2. Let f satisfy Assumption 4.1. Then, the self-adjoint operator eH assoiated to the
vetor eld fX
1
has purely absolutely ontinuous spetrum, exept at 0, where it has a simple
eigenvalue.
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